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DO COMPUTERS ENABLE MATHEMATICAL PROBLEM
SOLVING OR JUST MAKE IT “EASY"?

Sergei Abramovich

Abstract

This article suggests that recent advances in the development of computer programs ca-
pable of intricate symbolic computations might afford some negative outcomes by un-
intentionally shielding the learners of mathematics from all the challenges that are at
the cornerstone of the subject matter. To address this concern, the paper describes how
traditional curriculum can be modified in order to turn computer tools into enablers of
problem solving. As an example of a new type of problem, the paper shows how the ap-
propriate use of technology allows for some uncommon inquiries in the classic context
of Fibonacci numbers. The article is written against the backdrop of mathematics teacher
education.

Keywords: teacher education, discovery experience, Fibonacci numbers, spreadsheets,
Maple, Wolfram Alpha.

1. INTRODUCTION

This article is informed by the author’s more than two decades of participation in the prepa-
ration of teachers of mathematics for American and Canadian schools. The university where
the author works is located in upstate New York, in close proximity to Ottawa, thus attract-
ing Canadians to its master’s degree programs in education. In this work, computer technology
has been a critical component of mathematical learning environments, for the modern focus of
mathematics teacher education research and practice is on the appropriate use of digital tools.
As recommended by the Conference Board of the Mathematical Sciences — an umbrella orga-
nization consisting of seventeen professional societies in the United States (one goal of which
is the improvement of mathematics teacher education) — “Teachers should become familiar
with various software programs and technology platforms, learning how to use them to ana-
lyze data, to reduce computational overhead, to build computational models of mathematical
objects and to perform mathematical experiments” [1} p. 57]. In what follows, the author’s ap-
proach to addressing these recommendations of mathematicians concerned with the teaching
of mathematics to teacher candidates in the digital era will be shared.

To begin, note that the advent of sophisticated computer programs in the contemporary
educational environment that are capable of intricate symbolic computations has made many
traditional problems from mathematics curricula kind of outdated as they can be solved by
software almost at the push of a button. This is true for all levels of mathematics education —
primary (e.g., doing rational number arithmetic), secondary (e.g., solving algebraic equa-
tions/inequalities), and tertiary (e.g., solving differential/difference equations). Moreover, many
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challenging problems turned out to be not immune from the effortlessness use of technology as
well. Consequently, whereas technological advances have opened new research opportunities
for professional mathematicians [2} [3], the widespread availability of powerful software tools
has created challenges for mathematics educators involved in work with “mathematically
proficient students” — a term used by the modern day educational document in the United
States [4] to indicate that all students could and should develop mathematical proficiency,
provided that their teachers are up to the task.

How can a student (including a teacher candidate) continue being motivated and keep up
inquisitive spirit towards mathematics in the presence of technology? How can a computer be
used as an enabler of problem solving rather than a shield against the challenges of learning
mathematics, a shield that makes the subject matter not simply easier but “just easy”? In the
1980s, at the very outset of the digital era in education, the task of integrating technology at the
advanced level of teaching mathematics was considered much more difficult one in comparison
with the elementary level [5]. This was probably due to the fact that software tools available at
that time were not sophisticated enough to enable their simple use in the teaching of advanced
topics requiring high level knowledge of and skills in using programming languages [6| [7].
Nowadays, with significant decrease in the importance of those skills, more educational uses
of technology that are markedly different from the practices of the past, are associated with
conceptually rich themes of mathematics curricula. Computer algebra systems, spreadsheets,
and dynamic geometry software are examples of the changing environment of the secondary
mathematics classroom.

Nonetheless, new challenges for teaching advanced mathematics with technology may just
be due to the availability of sophisticated computer programs capable of complex symbolic com-
putations or graphic and geometric constructions. In terms of the theory of affordances [8] of-
ten used by mathematics educators when talking about technology [9, [10], the more positive
affordances a tool offers, the fewer is the number of negative affordances it presents. In the
context of mathematics, positive educational affordances of technology include new topics to
be taught and the increase of the number of students who can comprehend advanced mathe-
matical ideas. In other words, the use of technology has led to the emergence of new pieces of
learnable mathematics [11]. Negative educational affordances of technology that are quite ob-
vious include the reduction of mental computational skills and frequent emphasis on drill and
practice leading to the development of automatism, something that often blocks creativity and
insight [12]. However, negative affordances of a computational tool used in mathematics educa-
tion may be hidden. For example, ready-made spreadsheet-based computational environments
frequently require significant technical revision as a new version of the MS Office is released.
Also, the availability of computer programs available free (or for a low cost) on-line reduces op-
portunities for a meaningful homework assessment by a teacher as it could be easily completed
by a student with the help of software.

An old argument banning calculators from the mathematics classroom in order to uphold
the tradition of the appreciation of mental computational skills can now be given a new atten-
tion at a higher level including algebra, trigonometry, calculus, and discrete mathematics. Thus,
the use of technology in work with students of mathematics (including prospective teachers)
is not a simple matter for its role is not to make doing mathematics just easier than before. In
general, the appropriate use of technology in mathematics education can be conceptualized as a
process that maximizes positive and minimizes negative affordances of a computational learn-
ing environment. One way to appropriately foster learners’ mathematical creativity and insight
in the digital era is to present them with problems that, on one hand, are immune from the
straightforward use of symbolic computations as a problem-solving method and, on the other
hand, motivate and, most importantly, enable one’s creative thinking while solving problems.
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2. TYPE II APPLICATION OF TECHNOLOGY OF THE SECOND ORDER

Consider Wolfram Alpha — a web-based computational engine developed by Wolfram Re-
search (www.wolframalpha.com) available free on-line and, by accepting a natural language in-
put, being capable of complex symbolic computations not possible (or two cumbersome) other-
wise even for a professional mathematician. From the first glance, the program may be praised
for enabling educators to bridge the gap between the past — when only some students were able
to do mind-engaging mathematics, and the present — when an average student, without signifi-
cant preparation in either mathematics or technology, is able to enjoy finding out a solution to a
challenging problem using a computer. At the same time, by reducing problem solving to simply
pushing buttons on a keyboard, the program can also put a barrier in the way of fostering cre-
ative skills in the students of mathematics. Once again, this dichotomy calls for the development
of new instrumentation processes enabling the outcome of problem solving not to be dependent
on what Guin & Trouche called “an automatic transport phenomenon” [13] p. 205, italics in the
original] when one’s ability of solving a mathematical problem is confined to simply entering
correctly all data into a computer. A more difficult case is the use of a computer algebra system
like Maple which does require certain level of programming skills for doing even basic symbolic
computations. In many cases, the integration of a spreadsheet, Maple, and Wolfram Alpha makes
it possible to pursue the following chain of mathematical activities: from conjecturing through
numerical evidence (generated by a spreadsheet) to formal proof with symbolic computations
supported by Maple and Wolfram Alpha which can complement each other in a variety of ways
when carrying out complex algebraic transformations. As Langtangen and Tveito put it: “Much
of the current focus on algebraically challenging, lengthy, error-prone paper and pencil work
can be significantly reduced. The reason for such an evolution is that the computer is simply
much better than humans on any theoretically phrased well-defined repetitive operation” [14}
p. 811-812].

Nonetheless, one can use computer in a way that makes both numeric and symbolic com-
putations more cognitively demanding despite or perhaps because of its automatic problem-
solving capability. Maddux [15] introduced the notion of Type I/Type II technology applications
seeing the latter type as “new and better ways of teaching” (p. 38, italics in the original). The
growth in computational capabilities of mathematical software, enabling one to solve multistep
problems at the push of a button, blurs the perceived dichotomy between the two types. To con-
tinue securing educational benefits from the Maddux’s educational construct, the notion of Type
IT application of technology can be advanced to a higher level where one deals with what may
be termed technology-immune/technology-enabled (TITE) problems [16]. Such problems cannot
be automatically solved by software, yet the role of technology in dealing with them is critical.
In that way, one can talk about TITE problem solving as a context for Type II application of
technology of the second order.

For example, instead of posing a task, found in P6lya’s famous book [17], to guess a rule
for the sequence 11, 31, 41, 61, 71, 101, 131, ... (and, as shown in Figure [1| recognized by Wol-
fram Alpha as sequence A030430 from the On-line Encyclopedia of Integer Sequences (OEIS®;
http://oeis.org/) — primes of the forms 107z + 1), the following questions can be asked: (i) What
is the smallest number of divisions that one needs to decide whether the number 131 is a prime
or not? (ii) How can one use technology to generate the first 100 primes of the form 107+ 1?
(iii) What is the largest prime number in this sequence and how many divisions are required to
decide whether this number is a prime or not?
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Input interpretation:

(11, 31, 41, 61, 71, 101, 131, ...}

Possible sequence identification:
OEIS A030430
Continuation:

11, 31, 41, 61, 71, 101, 131, 151, 181, 191, 211, 241, 251, 271, 281, 311,
331, ...

Figure 1. Polya’s task via Wolfram Alpha

One can use a specifically designed spreadsheet environment [18] to carry out those divi-
sions and generate prime numbers of the form 107 + 1. Yet, this commonly available tool, in the
absence of mathematical reasoning and basic programming skills, does not give an immediate
answer about the smallest number of divisions and makes the elimination of composite num-
bers from the sequence 101+ 1 a cumbersome process. Through answering question (i), one can
also be introduced to the on-line sieve of Eratosthenes [19] and even complete all divisions using
this tool. In doing so, one has to realize that after 131 had survived divisibility by 2, 3, 5, 7, and
11, no more division is necessary. Thus, the above modification of the task about the sequence
of primes of the form 107 + 1 included in a classic book published more than 60 years ago may
be considered a TITE problem.

In fact, elementary prime number theory, known, in general, as an excellent educational
context for mathematically motivated students [20], can become the genesis of TITE problem
solving. Learning to deal with TITE problems encourages computational experiment approach
to school mathematics [21], an approach that can be traced back to the third century BC as ev-
idenced by the following historically remarkable statement made by Archimedes in a letter to
Eratosthenes, “Certain things first became clear to me by a mechanical method, although they
had to be demonstrated by geometry afterwards because their investigation by the said mechan-
ical method did not furnish an actual demonstration. But it is of course easier, when the method
has previously given us some knowledge of the questions, to supply the proof than it is to find it
without any previous knowledge” [22] p. 13]. In the modern terms, Archimedes, who is consid-
ered among the greatest mathematicians of all time [23], had acknowledged the usefulness of,
“at least initially, approaching the mathematics from an experientially based direction, rather
than an abstract/deductive one” [24] p. 96]. In a TITE problem-solving context, a computer en-
ables initial understanding of a problem at hand by offering “a mechanical method”, something
that helps one to move to the plane of abstract thought in order to complete a solution.

3. TITE PROBLEM SOLVING AS A PRECURSOR OF MATHEMATICS RESEARCH

While the above perspective on the revision of mathematics curriculum in the digital era is
not limited to a specific educational context, using TITE problems can contribute to the devel-
opment of creative thinking of mathematically proficient students and their teachers alike. The
teachers can learn posing TITE problems for the students by modifying/expanding already exist-
ing challenging (non-traditional) problems through the use of technology. The students can learn
dealing with TITE problems, including teacher-posed and self-posed ones, in an exploratory
fashion. Explorations of that kind are consistent with the modern day approach to mathemati-
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cal research when (both old and new) problems become solvable only due to the capability of
computers to carry out symbolic computations not possible otherwise [25].

It should be noted that, unlike experimentation in mathematics, computational experiment
in mathematics education usually does not offer results that were not possible to obtain in the
pre-digital era. Yet, the teaching ideas shared in the next section, although having mostly educa-
tional merit, enable the demonstration of how the appropriate use of technology in mathematics
education can open a window to new ways of inquiry into a classic concept of mathematics and
contribute to the body of knowledge about such a concept. In particular, from this demonstra-
tion one can learn how numeric sequences can be described through difference equations —
mathematical models of discrete dynamical systems used in important applications to science
and engineering — thereby providing a new perspective on STEM (science, technology, engi-
neering, mathematics) education.

4. CONSTRUCTING (p, k)-SECTION OF FIBONACCI NUMBERS AS A TITE PROBLEM

Consider the following well-known number sequence

1,1,2,3,5,8,13,21,34,..., (€))

in which every number beginning from the third is the sum of the two preceding numbers
and the first two numbers are equal to one. Changing the first two terms of sequence but
preserving the rule through which other terms develop, yields

2,1,3,4,7,11,18,29,47,.... 2

Sequence (2) is named after Lucas [26] who, according to Koshy [27], gave sequence (1) its
celebrated name, Fibonacci numbers. Both sequences are described through the same differ-
ence equation, f;+1 = fi, + fr—1 varying only in the initial values, fy and fi. Such sequences are
called Fibonacci-like sequences.

Through unsophisticated spreadsheet-based experimentation with the first two terms of se-
quences and , one can discover that, regardless of fy and fi, the ratios f;+1/f, always

tend to the Golden Ratio ¢p = 1.61803, as n increases. Finding the exact value of ¢ = 1+2‘/§, with-
out googling the words “golden ratio”, requires knowledge of Binet’s formula
1 1
1 [(1+ 3\ (1-v5)"
Fp=— - ,n=0,1,2,.., 3)
NAEE 2

for sequence (1), the formal derivation of which is quite complicated and it can be replaced by
typing the words “Binet’s formula for Fibonacci numbers” into the input box of Wolfram Alpha)
Assuming a certain level of mathematical proficiency on the part of a problem solver, finding the
exact value of ¢ can be considered a TITE problem - first enabling the “discovery” of formula
using Wolfram Alpha and then finding lim,,—. o E 7L with paper and pencil only. Similarly, using
dynamic geometry software (e.g., The Geometer’s gketchpad), one can first discover the presence
of ¢ in a regular pentagon experimentally and then confirm the discovery through a formal
demonstration by combining the machinery of trigonometry and complex numbers.

A more sophisticated (TITE oriented) exploration that can be introduced in the context of
Fibonacci and Lucas numbers is what may be called (p, k)-section of sequence (1) — the process
of elimination of all Fibonacci numbers the ranks of which are not divisible by p, then doing
the same elimination for the surviving sequence, and so on, k times. The terms of the surviving
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(after k eliminations) subsequence of sequence (1) will be denoted fpk ,,- Note that the case p =2
was referred to in [28] as Fibonacci sieve of order k. In particular, Fibonacci sieve of order 1
(that is, the sequence 1, 2, 5, 13, 34, 89, ...) is referred to as a bisection of Fibonacci sequence
and numbered A001519 in the OEIS® thus explaining the term (p, k)-section used in this paper.
However, already Fibonacci sieve of order 3 (i.e., the (2, 3)-section of Fibonacci numbers) is not
included in the OEIS®, let alone the general case.

To proceed further, consider the case p = 3. Assuming that the first term of sequence (1) has
rank zero, the sequence

1,3,13,55,233,987,4181,17711,75025,317811,... 4

survives the suggested process of elimination (trisection of the first order of Fibonacci numbers),
where the first and the second terms of sequence (4) are Fibonacci numbers of ranks zero and
three, respectively. Note that the terms f3,, of sequence (4) are Fibonacci numbers the ranks of
which are consecutive multiples of three. One can use a spreadsheet to develop this sequence
electronically (such use of a spreadsheet is itself a TITE problem). Then, one can be asked to find
a difference equation that generates the sequence f3,. By trial and error, one can come up with
the difference equation

f3tn+1) =4 fan+ -1 (5)
where f() = F(),fg = Fg, n= 1,2,3,....
Once again, using a spreadsheet, one can verify that difference equation (5) indeed generates
sequence (4) and then use either Wolfram Alpha or Maple (or both) to obtain Binet’s formula for
the sequence f3, in the form

fgn:L[(\/5+1)(2+ V) +(V5-1)(2- V5)"|,n=0,1,2,...
25

As an aside, note that formal derivation of Binet’s formulas for the sequences f,; and f3, can
be used in a grade appropriate context to demonstrate an analogy with the solutions of linear
differential equations that are developed through the reduction of the corresponding system to
the Jordanian form followed by the return to the original phase space. A pedagogical importance
of making this observation in the context of mathematics teacher education is to help teacher
candidates “make insightful connections between the advanced mathematics they are learning
and high school mathematics they will be teaching” [24] p. 39]. In doing so, one gravitates away
from the candidates’ developing what Cuoco [29] has called “vertical disconnect” — not see-
ing the connection between ideas taught in undergraduate mathematics courses and the school
mathematics curriculum.

Continuing in the same vein, the next step is to apply the trisection process to sequence (4)
that yields the sequence

1,55,4181,317811,..., (6)

which survives the process of elimination (trisection of the second order) where the first two
terms are, respectively, Fibonacci numbers of ranks zero and nine. Assuming that sequence (6)
develops similar to sequence (4), on can construct the equation 4181 = 55x+1 to get x = 76. This
suggests that sequence (6) satisfies the difference equation

fom+1) = 76 fon + forn-1), (7
where fy = Fy, fo = F9,n=1,2,3....
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Egl==f(n+1)=f(n) +f(n—1);
fln+1)=1(n) +£(n—1)
Fib=f{0)=1f(1)=1
fo)=Lr(1)=1
Luc:=f(0)=2/(1)=1;
F0)=2,1(1)=1
SolFib = rsolve( {Eg!, Fib}, f)

Solluc == rsolve( {Eqf, Luc}, f)

seq [.-;iu;uff,l‘_’v(."(fit] ).k=0.5)
1, 3, 55, 317811, 61305790721611591, 440047156314635932379335110006072428645041207574883

seq(simptify (L(3*) ), k=0_5)
1, 4, 76, 439204, B4T722519070079276, 60813021337408894 121474740581 7720942 127490792974404

Figure 2. Using Maple to obtain Binet’s formulas and compute L«

Whereas technology can be used to obtain Binet’s formula for the sequence fy,, a more in-
teresting question is about the origin of the coefficients in difference equations (5) and (7). As
shown in [28], the process of consecutive bisection of Fibonacci numbers leads to similar differ-
ence equations the coefficients of which are Lucas numbers the ranks of which are the powers
of two. This prompts one to generate a sufficiently large set of Lucas numbers to recognize that
coefficients 4 and 76 in difference equations (5) and (7) are Lucas numbers of ranks 3 and 9,
respectively. One can further use Maple to verify that the relation L« f,,3¢ = f(,41)3¢ — fy3¢ holds
true for k = 3,4,5 (Figure[2). The above numerical evidence can prompt the formulation of

Proposition 1. The family of difference equations
Sk = Lak fakn + fakn-1y) ®)
where k,n=1,2,3,..., fo = Fy, f3x = F3« describes the (3, k)-section of sequence (I).

Proof. Consider Binet’s formula for Lucas numbers

Ln:(1+ \/§)n+(1—2\/§)n’ ©

2

which, just as formula (3), can be provided by technology (e.g., by Maple as shown in Figure [2).
Let A, = %ﬁ and A, = I_T‘@ . Then, the use of formulas lh an E,l) yields the following chain of
equalities that prove relation (8):

VLt frgt = (A3 + 431 4 42341 =

k k k k
_ /1(1n+1)3 +1 _A;n+1)3 +1 +(/11/12)3k(/1(1n—1)3 +1 _Aén—l)B +1y
= \/§f3k(n+1) +(=1)° \/gfsk(n—l) = \/g(fpk(rHl) _fpk(n—l))'

Proposition 1 can be immediately generalized by replacing a (3, k)-section by a (p, k)-section
and then proved by replacing 3 by p in the above proof.
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Proposition 2. The family of difference equations

1
Joknery = Lk e + CDPT freuony, fo=Fo, fyr = Fyr, (10)

where k,n=1,2,3,... describe the (p, k)-section of Fibonacci number sequence (1).

Remark. Proposition 2 holds true not only for Fibonacci numbers but also for any Fibonacci-
like sequence. For example, taking the (3, 2)-section of the sequence 3, 1, 4, 5, 9, 14, 23,... yields
the sequence 3, 97, 7375, 560597, 42612747, 32391293369, ..., which satisfies difference equa-
tion where p =3,k =2, fo =2, fog = 97 (e.g., one can check to see that ). The fact that this
sequence is not included in OEIS® may serve to teacher candidates (and other populations of
students alike) as a motivation for generating new sequences of that kind by experimenting with
different Fibonacci-like sequences.

5. CONCLUSION

The intent of this article was to argue that computational power of the modern tools of tech-
nology should not be taken to mean that students are finally provided with a short and easy
path towards the answer to a mathematical question. Such naive perspective on the use of mod-
ern technology has real potential to reduce all the challenges of the subject matter to simply
pushing the right buttons on a keyboard. With this in mind, a didactic idea of the technology-
immune/technology-enabled (TITE) problem-solving curriculum was presented and discussed.

The idea was further illustrated using a classic context of Fibonacci numbers within which
the notion of a (p, k)-section of a Fibonacci-like sequence was developed. It was shown how
using intuition, trial and error, multiple tools of technology, and, most importantly, natural cu-
riosity and drive for discovery, one can construct the family of difference equations depending
on Lucas numbers as a formal description of the (p, k)-sections. Whereas proofs of relations
and are almost identical and may even be considered “easy”, it seems unlikely that without
numerical evidence provided by technology one can come up with those relations. It is a compu-
tational experiment that brought them into existence. The approach of enabling mathematical
exploration through the use of technology was shown having ancient roots as one can describe
the content of section 4 with a reference to the above-cited statement by Archimedes. Indeed,
without a “mechanical method” made possible by the application of multiple computer tools —
a spreadsheet, Wolfram Alpha, and Maple — the notion of the (p, k)-section of sequence (1)
and connection between Fibonacci and Lucas numbers through constructing difference equa-
tions (7) and (9) may not come to light.

The notion of a TITE problem-solving curriculum was presented, in part, as an extension
of the Type II application of technology educational construct to allow for seeing its merit for
mathematics education even in the era of highly sophisticated digital tools. It was suggested that
an experimental approach to the teaching of mathematics, including the education of teachers,
can help teacher candidates to better appreciate a true meaning of mathematical discovery.
Teachers, as Pdlya [30] once advised, cannot impart the experience of mathematical discovery to
their students if they themselves had not have this experience. It appears that using technology
as an enabler of TITE problem solving can do away with seeing educational computing through
the “math is easy” lens, and, instead, can lead to the growth of mathematical proficiency of
students and discovery experience of their teachers.

52 © COMPUTER TOOLS IN EDUCATION. Ne2, 2016 T.



Do computers enable mathematical problem solving or just make it “EASY"?

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

References

. Conference Conference Board of the Mathematical Sciences, 2012. The Mathematical Education of

Teachers II, The Mathematical Association of America, Washington, DC.

. Epstein, D., Levy, S. & De la Llave, R.. 1992, “About this journal”, Experimental Mathematics, no. 1(1),

pp. 1-3.

. Borwein, ].M., Bailey, D.H. & Girgensohn, R. 2004. Experimentation in Mathematics: Computational

Paths to Discovery. A K Peters, Natick, MA.

. Common Core State Standards. Common Core Standards Initiative: Preparing America’s Students

for College and Career, 2010, [On-line]. Available at: http://www.corestandards.org [Accessed 1 May
2015].

. Schoenfeld, A.H. 1988, “Users of computers in mathematics instruction”, in D.A. Smith, G. Porter, L.

Leinbach & R. Wenger (Eds), Computers and Mathematics: The Use of Computers in Undergraduate
Instruction, Mathematical Association of America, Washington, DC, no. 9, pp. 1-11.

. Carmony, L., McGlinn, R., Becker, J.P. & Millman, A. 1984. Problem Solving in Apple Pascal. Computer

Science Press, Rockland, MD.

. Roberts, R.S. & Moore, M.L., 1984, “Programming to learn problem solving”, in: V.P. Hansen & M.].

Zweng (Eds), Computers in Mathematics Education. Yearbook National Council of Teachers of Mathe-
matics: Reston, VA, pp. 162-170.

. Gibson, J. J. 1977, “The theory of affordances”, in: R. Shaw & J. Bransford (Eds), Perceiving, Acting and

Knowing: Toward an Ecological Psychology. Lawrence Erlbaum, Hillsdale, NJ, pp. 67-82.

. Kieran, C. & Drijvers P. 2006, “The co-emergence of machine techniques, paper-and-pencil techniques,

and theoretical reflection: a study of CAS use in secondary school algebra.” International Journal of
Computers for Mathematical Learning, no. 11(2), pp. 205-263.

Lingefj“ard, T. 2012, “Mathematics teaching and learning in a technology rich world”, in
S. Abramovich (Ed.), Computers in Education, New York: Nova Science Publishers, vol. 2, pp. 171-191.
Kaput, J.J. & Noss, R., Hoyles, C. 2008, “Developing new notations for a learnable mathematics in
the computational era”, in L.D. English (Ed.), Handbook of International Research on Mathematics
Education, 2nd edition, London: Lawrence Erlbaum, pp. 693-715.

Freudenthal, H. 1983. Didactical Phenomenology of Mathematical Structures. Reidel, Dordrecht, The
Netherlands.

Guin, D., Trouche, L. 1999, “The complex process of converting tools into mathematical instruments:
the case of calculators”, International Journal of Computers for Mathematical Learning, no. 3(3),
pp. 195-227.

Langtangen, H. P, Tveito, A. 2001. “How should we prepare the students of science and technology
for alife in the computer age?”, in: B. Engquist & W. Schmid (Eds), Mathematics Unlimited — 2001 and
Beyond, Springer, New York, pp. 809-825.

Maddugx, C.D. 1984, “Educational microcomputing: the need for research”, Computers in the Schools,
no. 1(1), pp. 35-41.

Abramovich, S. 2014, “Revisiting mathematical problem solving and posing in the digital era: toward
pedagogically sound uses of modern technology”, International Journal of Mathematical Education in
Science and Technology, no. 45(7), pp. 1034-1052.

Polya, G. 1954. Induction and Analogy in Mathematics. Princeton University Press, Princeton, NJ.
Abramovich, S. 1996, “Exploring prime numbers within a spreadsheet”, International Journal of
Mathematical Education in Science and Technology, no. 27(5), pp. 693-699.

Meyer, H.B. “Eratosthenes’ sieve” [Online], available at: http://www.hbmeyer.de/eratosiv.htm| [Ac-
cessed 1 May 2015].

Matiyasevich, Yu.V. 1999, “Formulas for prime numbers”, in S. Tabachnikov (Ed.), Kvant Selecta: Al-
gebra and Analysis, 11 Providence, RI: The American Mathematical Society, pp. 13-24.

Abramovich, S. 2014. Computational Experiment Approach to Advanced Secondary Mathematics Cur-
riculum. Springer, Dordrecht, The Netherlands.

Archimedes. The Method of Archimedes. 1912. T.L. Heath (Ed.). Cambridge University Press, Cam-
bridge, England.

COMPUTER IN EDUCATION 53


http://www.corestandards.org
http://www.hbmeyer.de/eratosiv.htm

S. Abramovich

23. Rohlin, V.A. “A Lecture about Teaching Mathematics to Non-Mathematicians.
Part I, [Online], available at: http://mathfoolery.wordpress.com/2011/01/01/
a-lecture-about-teaching-mathematics-to-nonmathematicians// [Accessed 1 May 2015].

24. “The Mathematical Education of Teachers”, 2001. Conference Board of the Mathematical Sciences. The
Mathematical Association of America. Washington, DC.

25. Leonov, G.A. & Kuznetsov, N.V. 2013, “Hidden attractors in dynamical systems. From hidden oscil-
lations in Hilbert-Kolmogorov, Aizerman, and Kalman problems to hidden chaotic attractor in Chua
circuits”, International Journal of Bifurcation and Chaos, no. 23(1), doi: 10.1142/S0218127413300024.

26. Lucas, E. 1891. Théorie des Nombres (Tome 1). Paris: Gauthier-Villars et Fils.

27. Koshy, T. 2001. Fibonacci and Lucas Numbers with Applications. John Wiley & Sons, New York.

28. Abramovich, S., Leonov, G.A. 2009, “Spreadsheets and the discovery of new knowledge”, Spreadsheets
in Education, no. 3(2), pp. 1-42.

29. Cuoco, A. 2001, “Mathematics for teaching”, Notices of the American Mathematical Society, no. 48(2),
pp. 168-174.

30. Polya, G. 1981. Mathematical Discovery: On Understanding, Learning, and Teaching Problem Solving
(combined edition). Wiley, New York.

POJ1b KOMMNbKOTEPA B MATEMATNYECKOM OBPA3SOBAHUWN —
AYMATb BMECTE CO CTYAEHTOM UM AYMATbD 3A CTYAEHTA?

Abpamosuny Cepreit Muxaiinosuy

AHHOTaUUSA

HoBeiilwre goctuxeHns B pa3paboTke KOMMNbHOTEPHbIX NMPOrPaMM CNOCO6HbLIX MPOU3BO-
AVTb CI0XHbIE CUMBOANYECKE BbIYNCAEHNS MOTYT UMeTb HexxenaTenbHble nejarornye-
ckme nocneacTeus. NpocToTa BbIYNCIEHNA CNOCOOHA HenpeAHaMepeHHO OrpaanThb yya-
LMXCS OT TPYAHOCTel CBA3aHHbIX C peLleHneM 3ajay4 — OCHOBOI OCHOB MaTeMaTnyecKo-
ro obpasoBaHus. B 3101 cBA3M, 06CyXAaeTCa ngea Mogndmnkaumm yuebHbIx MaTepranos
€ TeMm, YTobbl KOMMbIOTEP MOT Bbl CYXUTb Nejarornyeckut NpaBnAbHLIM MOMOLLHNUKOM B
peLleHnn 3aja4 pasHOro ypoBHS. B kauecTse npvmMepa HOBOro TWNa 3ajay npejnarae-
TCS He 0bCyX/AaBLLeecs paHee KOMMbIOTEPU3NPOBaHHOE NCCNef0BaHMNE B KNAaCCUYeCKOM
KOHTekcTe yncen ®nboHayum. CTaTbs HanmMcaHa No OMbITy NpenojaBaHys MaTeMaTUKU
OYAYLLMM YUNTENIM CPeHEA LLKONbI.

KnioueBble cnoBa: rno4rotoBka y4utesieli, OnbIT OTKPbLITUS, Ynciaa @uboHayyqy, crnpes-
wnt, Mainn, Bonbgpam Anbga.
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